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Dedicated to E. Corominas 
We eharacterise the fixed points of the polarity of a de Morgan algebra by means of binary 
partitions of the subset of join-irreducible elements. We apply this characterisation to compute 
the number of fixed" points in the finite distributive lattices every interval of which can be made 
into a de Morgan algebra and in the free distributive lattices FD(n) with n generators. We 
provide complete results for n ~<6 and for every polarity definable on FD(n). 
La d6termination du cardinal de FD(n), le treillis distributif libre a n g6n6rateurs, a suscit6 
une abondante litt6rature. Certains auteurs se sont 6galement int6ress6s ~ des 616ments 
particuliers de ce treillis, notamment les points fixes d'un certain automorphisme dual involutif 
(ou encore polarit6). Ce sont les '616merits ipsoduaux' de Monjardet [2], d6j~ consid6r6s par 
Rivi~re [4]. Mais en fait FD(n) admet plusieurs polarit6s d~s que n> 1. En d'antres termes, 
FD(n) peut ~tre 6rig6 en alg~bre de Morgan de plusieurs mani~res. D~ lors, il est naturel de 
poser le probl~me de la d&ermination des points fixes dans un cadre plus g6n6ral, ~ savoir celui 
des alg~bres de Morgan. 
Soit J(L) l'ensemble des 61~ments sup-irr&luctibles non nuls d'un treillis distributif fini L et 
supposons clue J(L) admette une polarit6 q~. Pour tout x eL  d6fmissons Jx comme suit: 
Ix = {p e J(L):¢(p)~x}. Alors, par un th6or~me de Monteiro [3], si l'on pose ~(x)= VL J~, q~ 
est une polarit6 de Let  L = (L; v, ^ , ~, 0, 1) est tree alg~bre de Morgan. 
Un point fixe de • est un 616ment xeL  tel que ~(x)=x,  ce que nous notons x~;~(L) .  
Nous montrons que x~ff;~(L) si et settlement si Y(L)=Jx(Aq~(J~). Nous appliquons alors ce 
r6sultat ~ la d6termination des points fixes de deux types de treillis. 
(1) les treilli~ relatifs de Morgan [5], c'est-~-dire les treillis distributifs finis dont tout 
intervalle peut 6tre 6rig6 en alg6bre de Morgan. Ce sont des produits directs de chafnes (finies). 
r l  r k Si L = n 1 x . . . x  n k (oh n~ d6signe la chalne fi n~ 616ments, tous les n~ sont distincts et 
sup6rieurs h 1, r~ e N), alors le nombre d'alg~bres de Morgan non isomorphes d6fmissables sur L 
est [(r 1 + 2)/2] x . - -  x [(r k + 2)12]. Les bornes inf6rieure t sup6rieure de I (L)l sont fournies. 
(2) les lattis distributifs libres FD(n). Le nombre d'alg~bres de Morgan non isomorphes 
d6flnissables sur FD(n) est [(n + 2)/2]. L'ensemble J(FD(n)) est isomorphe au treillis de Boole 
2" dont on a erdev6 le 0 et le 1, et toute polarit6 de J(FD(n)) est le produit d'un 
automorphisme involutif a et de l'op6ration de compl6mentation sur 2". Trois cas sont 
envisag6s suecx~ivement: 
(a) et ne laisse anetm atome fixe (ce qui requiert n pair). Alors ~ (L) est vide. 
(b) a laisse au moins ten atome fixe. Alors (Th6or~me 3.4) I  (L)l est 6gal au nombre des 
id6anx d'ordre (sections commencantes) de 2 "-1 satisfaisant ~ une certaine condition. 
(c) a laisse au moins deux atomes fixes. Alors (Th6or~me 3.5) la d6termination de I  (L)l 
peut se faire en ne consid6rant que les id6aux d'ordre de 2 "-2. 
Nous obtenons ainsi les r6sultats complets que voici: 
n 1 2 3 4 5 6 
I(VD(n))l 1 2 4 12 81 2.646 
0 2 10 75 2.556 
0 25 2.034 
0 
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Introduction 
Many papers are concerned with the problem of computing not only the 
number of elements of the free distributive lattice FD(n) with n generators (the 
question posed by Dedekind in 1897) but also the number of some peculiar 
elements of this lattice, especially the fixed points of the 'most natural' involutive 
dual automorphism. These fixed points are called '616ments ipsoduaux' by Mon- 
j ardet [2] and characterised by means of a median operation. In [4] Rivi~re also 
restricts himself to the same dual automorphism and computes the number of its 
fixed points for n ~< 5. 
But in fact FD(n) admits several involutive dual automorphisms if n> 1. In 
other words, FD(n) can be made into a de Morgan algebra in several ways. Hence 
it is natural to pose the problem of the determination f the fixed points in a more 
general setting, namely the de Morgan algebras, and to apply it to FD(n). 
In Section 1, after recalling some generalities on de Morgan algebras and finite 
distributive lattices, we emphasize Monteiro's theorem [3] which shows that a 
finite de Morgan algebra L is determined up to isomorphism by the subset J(L) of 
its non-zero join-irreducible elements and the polarity defined on this subset. We 
then prove (Theorem 1.3) that the fixed points correspond to some binary 
partitions of J(L). 
Sections 2 and 3 are devoted to the computation of the number of fixed points in 
relative de Morgan lattices, a notion introduced in [5], and in FD(n) respectively. 
In Section 2 we determine the number of non-isomorphic de Morgan algebras 
definable on a relative de Morgan lattice as well as the lower and upper bounds of 
the cardinality of the subset of fixed points. The special case of Boolean lattices is 
considered. 
Section 3 is the longest one. The subset J(FD(n)) is isomorphic to a Boolean 
lattice 2" (from which 0 and 1 are deleted) and every polarity of J(FD(n)) is the 
product of an involutive automorphism c~ and the operation of complementation 
on 2". In case c~ leaves no atom fixed, the solution is particularly simple: the 
polarity defined on FD(n) is fixed point free (Theorem 3.2). Two other cases are 
then analysed: first, t~ leaves at least one atom fixed; second, r, leaves at least two 
atoms fixed. The first case requires the investigation of the order ideals of (2 ~-1 
(Theorem 3.4), whereas in the second case the benefit is still greater: one has to 
consider the order ideals of 24-2 (Theorem 3.5). Detailed computations for n = 5 
and n = 6 are provided, thus completing some results of [4]. 
1 . ~ e s  
A de Morgan algebra L = (L; v, ^ , 4, O, 1) is a bounded distributive lattice on 
which there is defined a unary operation 4> satisfying qb2(x)=x, ~(x^ y)= 
qb(x)vqb(y) and qb(1)= 0. It follows immediately that 4(0)= 1 and O(x vy)= 
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~(x) A ~(y),  SO that the mapping x ~ ~(x)  is a polarity of L, that is, an involutive 
dual automorphism. If, moreover, x ^ ~(x)~< y v ~(y)  for any x, y ~ L, then L is 
called a Kleene algebra. The reader is referred to [1] for the basic properties of de 
Morgan algebras. 
In this paper L will al~ays denote a finite distributive lattice. An element p e L 
is loin-irreducible if p = q v r implies p = q or p = r. We shall denote by J(L) the 
poset of all non-zero join-irreducible lements of L. Let us recall that, for any 
x~L,  x=V{p~J (L ) :p<~x}.  Furthermore, if p~J (L )  and p~xlv . . ' vx~ with 
xl, .. . . .  x~ ~ L, then p <~ x~ for some i ~ {1 , . . . ,  n}. 
An order-ideal (o-ideal) of a poset P is a subset X of P such that if x ~ P and 
y ~<x, then y ~ P. Many other terms are used for the same concept: semi-ideal, 
down-set, hereditary subset, decreasing subset, and so on. The set of all o-ideals 
of a finite poset P, ordered by inclusion, is a distributive lattice ~(P). We recall 
that ~(J(L))~-L. The dual notion of order-ideal is that of order-filter or increas- 
ing subset. 
If A ={a l , . . . ,  an} is an anti-chain of the finite poset P, we denote by 
(a~, . . . ,  an] and by [a~, . . . ,  a~) the o-ideal and the increasing subset of P 
generated by A, respectively. The set of all polarities of P will be denoted by 
~(P) .  Finally we point out that the sign 0 stands for disjoint union and that, for 
any positive number n, the symbol [n] denotes the greatest integer not exceeding 
n.  
Now let us assume that J(L) has a polarity go. For every x ~ L, define J~ (shortly 
J~, if there is no ambiguity) as follows: 
= {p e J (L  ) : go(p) x}. 
Monteiro proved in [3] that if one takes 
• (x) = V 
L 
then • itself is a polarity of L and L = (L; v,  ^ ,  ~, O, 1) is a de Morgan algebra. 
Conversely, every polarity on L is obtainable in this way. Furthermore, L is a 
Kleene algebra if and only if p and go(p) are comparable for every peJ (L ) .  
In what follows we shall reserve the letter go for a polarity of J(L) and the letter 
for the corresponding polarity of L. An element x e L such that ~(x) = x will 
be called a fixed point of ~. The subset of fixed points of • will be denoted by 
• ~ (L). 
Let us illustrate the preceding considerations by an example. See Fig. 1, and 
Table 1. 
We observe that I~;~(L)[ = 1 and I~2(L)I = 3. 
We are now going to establish the basic theorem of this paper. 
1.1. For every x eL  and every go ~ ~(J(L)) ,  we have J~ E O(J(L)). The 
mapping x--> .Ix is a dual isomorphism of L onto O(J(L)). 
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Table 1 
p a b c d f 1 
¢Pl(P) 1 d f b c a 
~o2(p) 1 f d c b a 
x 0 a b c d e f g h i 0 
Ol(x) 1 i h g f e d c b a 0 
O2(x) 1 i g h d e f b c a 0 
Proot. Let a ~.lx, b ~J(L)  and b <~ a. Since a ~.lx, we have r0(a)~x. Moreover 
b<~a implies ro(b)>~ro(a). Then r~(b)<~x would imply ,p(a)<~x. Hence ro(b)~x 
and b ~ J,,. 
Now let us consider the mapping x ---> J~ of L into ~(J(L)). We first show that it 
is onto. Indeed, let A~( J (L ) ) .  I f  a=VL  (L\[q~(A))) where [q~(A)) is the 
increasing subset generated by q~(A), then J~ = A since for every p ~ A we have 
a~q~(p)  and for every p~A we have a>~q~(p). 
Second, th ismapping is one-to-one: if x, y~L  axe such that x:f- y, then J~¢ Jy 
because by Stone's theorem there is an element q = q~(p) wi th  p~. l (L )  such that 
rO(p)~<x and ro(p)~y (or the contrary), hence pCY~ and p~Jy .  
Finally this mapping is order reversing: by the very definition of J~ and Jy, x ~< y 
implies Y~ _~ Y~. []  
Lemma L2 .  For every x ~ L and every ~ ~ ~(L ) ,  
x>~(x)  i f  and only i f  .Ix n~(Yx)= ~ 
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and 
x<~(x)  if and only if J,, Uq~(J~)=J(L). 
Proof. Let x~(x) .  Then if peJ~, we have p~<q~(x)<~x, hence ~0(p)¢J~ and 
p¢¢(J~). Let J~ Nq~(J~) = ¢. Since ~(x)= ~/J~, we need to show that every peJ~ 
precedes x. In fact, if peJ~ then p~q~(J~), ¢(p)¢ j~ and p<~x. 
Let x~CP(x) and peJ (L) \ J~.  Then q~(p)<~x<~p(x)=Vj~,q~(p)~q~j,,. By 
Lemma 1.i we have ¢(p)eJ~ and p~¢(J~). Conversely, if J~tA¢(J~)=J(L) and 
pEJ(L) with p<<-x, then p~J~ since otherwise p~¢(J~), q~(p)ej~ and p-Tgx, a 
contradiction. From p ~ J~ we deduce p ~< ~(x).  Finally x ~< ~(x). [] 
Thus we can easily characterise the fixed points of qb as follows. 
Theorem 1.3. For every x eL  and every dp ~[9(L), x ~;~(L )  if and only if 
J(L ) = J~ O ¢(J~). 
Corollary 1.4. For every • ~ ~(L) ,  the cardinality of ~;~(L) is equal to the number 
off binary partitions of J(L) whose blocks are J~ and ¢(J~) for some x ~ L. 
Corollary 1.5. For every cb ~ ~(L)  the following implications hold: [J(L)[ is odd 
¢p has a fixed point ~ cb is fixed point free. 
An o-ideal A which satisfies the condition of Theorem 1.3 (i.e., J (L)= 
A(A¢(A))  will be called a good o-ideal. 
2. Relative de Morgan lattices 
In [5] we characterised those finite distributive lattices every interval of which 
can be made into a de Morgan algebra (in short, relative de Morgan lattices): they 
are the direct products of chains. So every relative de Morgan lattice L can be 
described as follows: 
r k L=n~×n~× . . .  xn~,  
where n~ denotes the n~-element chain, all n~ (i = 1 , . . . ,  k) are distinct and 
greater than 1, and r l , . . . ,  rk ~ N. 
Theorem 2.1. Let L = n'~lx • • • xn~ k. Then the number e(L) of non-isomorphic de 
Morgan algebras definable on L is ~(rl + 2)] x - -  • x ~(rk + 2)]. Only one of them is 
a Kleene algebra. 
Proof. The connected components of J(L) are rl chains of n l -  1 e lements , . . . ,  rk
chains of nk - 1 elements. A polarity q~ of J(L) maps a chain either onto itself or 
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onto another chain of the same eardinality. Then the value of re(L) easily follows. 
Moreover, since L is a Kleene algebra if and only if, for any p ~ J(L), go(p) is 
comparable with p, the unique possibility of obtaining a Kleene algebra is to map 
each chain of .I(L) onto itself. [] 
Corollary 2.2. The number of non-isomorphic de Morgan algebras definable on a 
Boolean lattice 2" is ~(r + 2)]. Only one of them is a Kleene, and hence Boolean, 
algebra. 
We define minl:~(L)l as follows:xrfinl~r(L)l=min{l~(L)l:c~(L)}. We 
define maxl: (L)l similarly. 
By abuse of language we shall employ the expression 'odd chain' (resp. 'even 
chain') to signify a chain with an odd number (resp. an even number) of elements. 
Theorem 2.3. Let L = n~l x - -- x n~k. Then 
and 
{~ if all n~ are odd, 
rain I:~(L)I = otherwise, 
It" n [ rx /2 ]  X - • • X n[k r~/2] 
max i~(L)I = t/O 1 
if r~ is even whenever n~ is even, 
otherwise. 
Proof. If all r~ are odd, then choose go mapping each component of J(L) onto 
itself. Then • has exactly one fixed point. If on the contrary there exists i such 
that r~ is even, then J(L) has an odd chain as a component and go can be defined 
in such a way that it has a fixed element. By Corollary 1.5, ~ is fixed point free. 
Now let us suppose that, for some i, r~ is even and ri is odd. Clearly every 
go ~ ~(.I(L)) has to map at least one odd chain of J(L) onto itself, go has a fixed 
point and • is fixed point free. If n~ even always implies ri even, then for ]~r¢(L) I 
to be maximum go has to link the odd components of J (L) in pairs. With regard to 
the even components of J(L), go has also to link them in pairs (with possibly some 
'isolated' components). Since the contribution to I~(L) I  of a pair of go-linked 
components n is n + 1, the proof is complete. [] 
Coro l laq 2.4. I f  L is a Boolean lattice Z ~ (r >11), then 
and 
~in  [~(L)I  = 0 
0 
max I~F(L)[ = 2~/2 
if r is odd, 
if r is even. 
Moreover, in case r is even, the number of mid-level elements (that is, elements of 
height ½r) exceeds the number of luted points if and only if r > 2. 
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Proof. Let r = 2s. The number of mid-level elements is (~) whereas the maximum 
number of fixed points is 2 ~. Clearly, 
2s) (2s)! _ (s + 1)(s +2) .  • • (2s) />2 s, 
s sis! 2.3  . . . . .  s 
and the equality holds if and only if s = 1. [] 
Example. Let us illustrate the preceding properties by a few examples. See Table 
2. 
3. Free dg-tn~ufive lattices 
As usual we shall denote by FD(n)  the free distributive lattice with n free 
generators. It is well known that J(FD(n)) is isomorphic to a Boolean lattice 2" 
with n atoms from which 0 and 1 are deleted. The maximal elements of .I(FD(n)) 
are the n generators. The length of FD(n)  is 2" -2  and the mid-level elements 
(among which are the generators and the fixed points) have height 2 " -1 -1 .  
The unary operation of complementation i  a Boolean lattice 2 p will be 
denoted by c or, if there is some ambiguity, by c o. 
Theorem 3.L The number m(FD(n)) of non-isomorphic de Morgan algebras 
definable on FD(n) is ~(n +2)]. 
l~roo|. Let us denote by J*(FD(n)) the Boolean lattice 2" obtained by adjoining 
to J(FD(n)) a least and a greatest element. There is an obvious one-to-one 
correspondence between the polarities of J*(FD(n)) and those of J(FD(n)). 
Every polarity q~ of J(FD(n)) is the product of c, the complementation on 
J*(FD(n)), and an involutive automorphism a of I(FD(n)). Since every dement  
of .I(FD(n)) is the supremum of the atoms that it contains, any t~ is determined by 
a permutation with orbits of cardinality 1 or 2 on the subset of the atoms. Taking 
into account hat two such permutations induce two distinct a up to isomorphism 
ff and only if they do not interchange the same number of elements, one easily 
obtains the value of m(Fd(n)). [] 
Table 2 
L re(L) rain IS~(L)I max I~(g) l  
3 ~ 2 1 3 
3" 3 1 9 
32xS 2 1 3 
42XS 2 4 0 20 
2SX4 a 6 0 0 
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Theorem 3.2,. One can define on FD(n) a ~xed point free polarity • if and only if 
n is even. I f  n is odd and greater than 1, then every polarity • on FD(n) has at least 
two fixed points. 
Proof. Let n = 2p and denote the atoms of .F*(FD(n)) by a~l, a/2 (i = 1 , . . . ,  p). 
Define the involutive automorphsm a of J(FD(n)) as follows: a (6 t )= a/2 for 
every i. Let x = VP=t a/t (the supremum being taken in J(FD(n)). Then q~(x)- 
Col(Vi a/t )  "- c (V i  (a / t ) )  : c (V i  a/2) : co (x )  -- x. Consequently ~ has no fixed point. 
Now let n = 2p + 1 (p >0).  For any ct there is at least one atom of J'*(FD(n)), 
say ao, for which ct(ao)= ao. It follows that q~(ao)= c(ao). Let us consider any 
element x ~ J(FD(n)) such that x ~< ~(a0). Then q~(x) >~ ao and the binary partition 
{[ao), (c(ao)]} yields a fixed point of qb. 
Since n = 2p+ 1, J(FD(n)) has 2p levels. Let A (resp. B) be the subset of 
J(FD(n)) consisting of the elements of level from I to p (resp. of level from p + 1 
to 2p). Clearly, for every x cA ,  q~(x)~B and conversely. The partition {A, B} 
yields a fixed point distinct from the first one. [] 
Corollary 3.3. A Kleene algebra can be defined on FD(n) if and only if n = 1 or 
n=2.  
Proot. If n e {1, 2} then obviously FD(n) can be made into a Kleene algebra. If n 
is odd and greater than 1, then I (FD(n))I 1>2 and no Kleene algebra can be 
defined on FD(n)  since a Kleene algebra has at most one fixed point. If n is even 
and greater than 2, then for some dement  x ~J(FD(n)) we have x II and 
FD(n)  is not a Kleene algebra. Indeed, if q~ = c, then for every x ~ J(FD(n)) there 
holds x II re(x); if c, there are two atoms at and a 2 such that a(at)  = a2 .  Then 
~(at v a2) = c(al v a2) and at v a2 II ~(at v a=). [] 
A direct application of Theorem 1.3 shows that in (FD(n);  ~)  the number of 
fixed points of • is equal to the number of good o-ideals of 2" (that is, o-ideals X 
such that x~X if and only if q~(x)~X). Let us also recall that q~ =ac~, where a is 
an involutive automorphism of 2" and c, is complementation in 2 ~. 
If n is odd then there is at least one atom of J*(FD(n)) such that a(a) = a. If n 
is even and t~ links the atoms in pairs, then by Theorem 3.2 we know that q~ is 
fixed point free. Hence we can now concentrate on the case: a leaves at least one 
atom of J*(FD(n)) fixed. 
Tl~eorem 3.4. I f  a leaves at least one atom a of J*(FD(n)) ftxed, then the number 
of fixed points of • is equal to the number of o-ideals A of (c~(a)]~2 n-t such that 
x¢A implies ctc~_t(x)~ A, where a is the automorphism of 2 n associated with 
and c, - t  is complementation in (c~(a)]. 
Proot. Let a be an atom of J*(FD(n)) such that a(a)= a. Then J * (FD(n) )~2 n ---- 
(c,(a)]X(a]. The automorphism a acts inside [a) and inside (c~(a)]. 
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Let X be a good o-ideal of J(FD(n)). Define A = XN(c,,(a)]  and B =Xn[a) .  
Clearly X=AOB.  If x~(c,(a)]\A, then q~(x)~B. Since X is decreasing, 
(x) ^  c, (a) = c~a (x) ^  c, (a) e A. We have c~a (x) ^  c~ (a) = cm _ ict (x), where c~_ 1 is 
complementation in (c,(a)], since 
and 
c .a  (x)  ^  c .  (a)  ^ .  (x) = 0 
(c.a (x)^ c~ (a))v a(x) = c. (a)v a(x)= c. (a). 
We conclude that x ~ (c~(a)] \A implies ac~_l(x) ~ A. 
Conversely, let A be an o-ideal of (c,(a)] such that x~(c,,(a)]\A implies 
ac,,_x(x) ~ A. Define B = c~((c~(a)]\ a(A )). 
It is immediate that IAI+IBI = 2n-k Moreover A UB is an o-ideal. Indeed, let 
x ~ B. Then x = c,(y) for some y ~(c~(a)] \a(A) .  We have to show that x ^  c~(a) 
A. If not, ac,_l(x^c,(a))eA, hence c,_l(a(x)^ac,(a))=c,(a(x)^ac,(a))^ 
c~(a)~A. It follows that 
(c,a(x)va(a))^c,~(a) c,,a(x)^c,(a) 
= c.a(x) 
=et(y)~A,  
which contradicts y¢ a(A) .  
It remains to show that A U B is a good o-ideal, i.e., x e A U B if and only if 
¢p(x) ~ A U B. 
If x ~A then q~(x) = c~et(x) e c~ct (A) = [a)\B. 
If x ~ B then q~(x) = c~ac,(y) for some y ~ (c~(a)] \a(A),  hence "q~(x) = a(y) 
(c~(a)]\A. 
Now let otc~(x)~(c~(a)]\A. It follows c~(x)~(c~(a)] and c~(x)~ot(A), hence 
c~(x)~(c~(a)]\ot(A) and x~B. 
Finally, let ac,(x)~[a)\B. Then a(x )e(c , (a ) ]  and c~(x)¢c,(B)= 
(c~(a)] \a(A) ,  hence t~(x)~a(A) and x~A, which completes the proof. [] 
Remark. On the one hand, every o-ideal satisfying the condition "x~A implies 
ctc~_l(x) ~ A"  contains all elements x with x = ac._l(x) and, on the other hand, the 
o-ideals of 2 '~-1 satisfying the same condition form an increasing subset of 
0(2"-~). 
We are going to show that these two remarks considerably shorten the 
computing task. 
Exan~le.  There are 3 non-isomorphic de Morgan algebras definable on FD(5). 
One of them is such that t~ leaves exactly one atom of J*(FD(5)) fixed. We apply 
Theorem 3.4 to compute the number of fixed points. 
Let a, b, c, d, e be the five atoms of J*(FD(5)) and define ct as in Table 3. 
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Table 3 
x a b c d e  
a(x) a c b e d 
If we denote by ~ the elements aCn'(X) and if squares indicate elements x for 
which ~ = x, then 24 looks as shown in Fig. 2. 
Clearly there are two minimal A:A1 = (f, g, h, i, j] and A2 = (g, h, i, j, f]. One 
sees readily that there are 4 o-ideals containing A1 but not A2:A1, AxU{a}, 
A10{~} and Ax O{d, #}. Similarly there are 4 o-ideals containing A2 but not A1. 
Finally there are 17 (=24+ 1) o-ideals containing A1 U A2. 
We conclude that in case a leaves exactly one atom fixed, FD(5) has 25 fixed 
points. 
If n is even, then either a leaves no atom fixed (and FD(n) is fixed point free) 
or a leaves at least two atoms fixed. In the latter case the following theorem 
provides a very satisfactory solution. 
Theorem 3.5. If  a leaves at least two atoms of J*(FD(n)) fixed, then the number of 
fixed points of • is 
le(X31, 
X~O((~_l(b)]) 
where f f  = X \{x  eX:  xva(y)  = 1 for some y eX}. 
g © 
Fig. 2. 
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Proof. Let a, b be two atoms of J*(FD(n)) such that a(a) = a and or(b) = b. Then 
(c~(a)]=(c~_l(b)]x(b]. Clearly (c~(a)]~2 ~-t and (c~_~(b)]-2 ~-2. 
Let X be any o-ideal of (c~_t(b)] and define Y= [b, c~(a)]\ac~_t(X). If X1 and 
X2 are two distinct X, then the corresponding Y1 and Y2 are also distinct. 
Generally, we have to add to X some elements to make X t.J Y an o-ideal. Let Z 
be the o-ideal of (c~(a)] generated by Y and define X ~= Z N(C~_l(b)] (X ~ is the 
'augmented' X). 
We first prove that X~=XU{x~(c~_ l (b) ] \X :x^a(y)=O for some ys  
(c~_l(b)]\X}. Indeed, if x, ye(c~_~(b)]\X satisfy xAa(y)=0,  then x~ <
c~_~a(y) ~Y and x ~X ~. Conversely, if x ~X ~, then there exists y ~ Y such that 
x <y.  Then y = ac~_t(t) for some t~(c~_l(b)]\X. From x<ac~_t(t) we deduce 
that x^a(t )= 0 and X ~ has the value which was announced. Hence YUX ~ is the 
smallest o-ideal of (c~(a)] which contains X and satisfies the condition of 
Theorem 3.4, namely x~X~LI Y implies ac~_~(x)~X~LI Y. 
All o-ideals of (c~_~(b)] which contain X ~ satisfy also the condition of Theorem 
3.4. Their number is equal to the number of o-ideals of (C~_l(b)]\XL 
It remains to prove that (c~_~(b)]\X ~ is dually isomorphic to X= 
X\{x  ~X:xx/ct (y)= 1 for some y ~X}. Since we are now working exclusively in 
(c~_~(b)], we shall denote this ideal by L and write simply c instead of c~-2. 
Clearly the mapping f :  L --> L defined by f(t) = ac(t) is a dual isomorphism. 
Let teL \XL  Then tdX  and for every yCX we have t^a(y)~0,  which 
implies f ( t /xa(y) )¢  1, that is f ( t )vc(y)~ 1. Hence, for every y~X, f(t) ;~y and, 
since L \X  is increasing, we conclude that f ( t )~X. Now let ussuppose that 
f ( t )va(y )= 1 for some y~X.  Then tAc(y)=0,  which implies t~<y and t~X,  a 
contradiction. We have thus proved that if te l  \X  ~, then f(t)~Sf. 
Conversely, let t~,~. Then t~X and for every y~X we have tva(y )¢ l ,  
which implies f ( tv  ct(y))~ 0, that is f(t)/xc(y)~ O. Consequently, for every y ~X, 
f(t) ~ y and f(t) ~ X. Now, let us suppose that f(t) ^  a (v) = 0 for some v ~ X. Then 
tvc(v) = 1, t>~v and t¢X, a new contradiction. Therefore, if te3f, then f ( t )¢X  ~. 
The number of o-ideals of L \X  ~ is equal to the number of o-ideals of X. By 
considering all o-ideals X of L, we obtain all the o-ideals of (c~(a)] which provide 
the fixed points of • and the proof is complete. [] 
Renmrks. The application of Theorem 3.5 constrains us to determine the cardi- 
nality of ~(P) for some poset P. Therefore it is useful to record at this point a few 
elementary facts. 
(1) It is well known that I¢Y(2")1 = IFDol(n)l. ha particular, 
1 (2°)1 = 2, leY(2X)l = 3, I¢y(2 )1 = 6 and leY(2 )l-- 20. 
(2) If A and B are two posets with the same least element 0 and if A CI B = {0), 
then 
[~(A UB)[ = ([~(A)]- 1) - ( [~(B) [ -  1 )+ 1. 
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(3) The computation by use of Theorem 3.5 can be reduced by half if one takes 
into account the following remark. Let us denote 2 "-2 by L and, for any 
X~(L) ,  let Y=L\c (X) .  Then ~'=ct(~'). 
Indeed, ol(3~) clearly coincides with (a(X))'. If x e ct(X)Nc(X), then x = c(b) 
for some b~X and xvb=xvo lo l (b )= l  with x and a(b) belonging to t~(X). 
Hence x¢~o~(~2") and ol(S~)~Y. Now let yeY \a (X) .  Then l=yvc(y )= 
yva(ac(y ) )  with ac (y )eY  since ac(y)~c(X)  would imply yea(X) .  Conse- 
quently y ¢~ ~r and ~" ~ a(S) .  The conclusion is then straightforward. 
In the Tables 5, 7 and 9 L is isomorphic to 2 4. For each x cOT(L) which 
appears in the first column we consider on the same line and in the fourth column 
V = L \ c,(X). 
(4) Clearly, if x eX  is such that x va(x)  = 1, then xCX. Hence it is useful to list 
the elements x for which x v ct(x)= 1 since no X can contain them. 
Example. There are 4 non-isomorphic de Morgan algebras definable on FD(6). 
Let a, b, c, d, e, f be the six atoms of J'*(FD(6)). 
Table 4 
x a b c d e f 
a(x) a b c d e f 
Case 1. ct is defined as in Table 4. In the diagram of 2 4 (which is also valid for 
case 2 and case 3) we denote c4(x) by x'. See Fig. 3 and Table 5. 
0' 
| 
, 
h ~  i ~  I A4, 
dU-~ e 
d, 
, 
Fig. 3. 
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Table 5 
X f~ (~(Yf) Y=24\c4(X) Number of fixed points 
¢ ¢ 1 (0'] i x  2= 2 
(0] (0] 2 (f', e', d', c'] 2 x 2 = 4 
(c] (c] 3 (f', e', d'] 3 x 8 = 24 
(c, d] (c, d] 5 (f', e', g'] 5 x 12 = 60 
(c, d, e] (c, d, e] 9 (f', i', h', g'] 9 x 8 = 72 
(c, d, e, f ]  (c, d, e, f]  17 (g, h, i, i', h', g'] 17 × 2 = 34 
(g] (g] 6 ([', e'] 6 x 12 = 72 
(g,e] (g,e] 11 ([',i',h'] 11x24= 264 
(g, e, f ]  (g, e, [] 21 (g, h, i, i', h'] 21 x 12 = 252 
(g, h](*) (g, hi 14 ([', i'] 14 x 24 = 336 
(g, g'](**) (c, d, e, f]  17 (h, i, i', h'] 17 x 6 = 102 
(g, h, f ]  (g, h, f] 27 (g, h; i, i'] 27 x 24 = 648 
(g, h,i](*) (g, h, i] 19 (f', f]  19 × 8 = 152 
(g, h, i'](**) (g, h, i'] 36 36 x 4 = 144 
(g, i, i'](**) (g, e, f] 21 21 x 12 = 252 
(g, h, i, f]  (g, h, i, f]  37 37 x 4 = 148 
(]"] (f'] 20 20x 4= 80 
2.646 
f* 
A" 
d'* )C q~ 
0* 
Fig. 4. 
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In Tables 5, 7 and 9 every 'type' of o-ideals is described by one of its repre- 
sentatives. For instance, when we write (g, h, i] in the first column of Table 5, we 
mean all o-ideals generated by 3 elements of height 2 containing only 3 atoms, 
namely (g, h, i], (g, i', h'], (h, i', g'] and (i, h', g']. When Y is equal to some X of 
the 1st column, we just draw a line in the 4th column. Finally, the signs (*) and 
(**) mean 'contains 3 atoms' and 'contains 4 atoms' respectively. 
Table 6 
x a b c d e f  
a(x)  a b c d f e 
Table 7 
x x I~Y(g)l Y=24\c,(X) Number of fixed points 
0 f} 1 (0'] l x  2= 2 
(o] (0] 2 (f', e', d', c r] 2 x 2 = 4 
(c] (c] 3 (f', e', d'] 3 x 8 = 24 
(c, d] (c, d] 5 (f', e', g'] 5 x 12 = 60 
(c, d, e] (c, d, e] 9 ( r ,  i,, h', g'] 9 x 8 = 72 
(c, d, e, [] (c, d, e, f] 17 (g, h,/, i', h', g'] 17 x 2 = 34 
(g] (g] 6 ( r ,  e'] 6 x 12 = 72 
(g,e] (g,e] 11 ( [ ' , i ' ,h ' ]  11x24= 264 
(g, e, f] (g, e, [] 21 (g, h, i, i', h'] 21 x 12 = 252 
(g, h](*) (g, hi  14 (f', i'] 14 x 20 = 280 
(h, i](*) (c, d, e] 9 (f', g'] 9 x 4 = 36 
(g, g'](**) (c, d, e, f] 17 (h, i, i', h'] 17 x 2 = 34 
(h, h'](**) (h, h'] 26 (g, i, i', g'] 26x  4= 104 
(g, h, f] (g, h, f] 27 (g, h, i, i'] 27 x 20 = 540 
(h, i, f]  (c, d, e, f]  17 (g, h, i, g'] 17 x 4 = 68 
(g, h, i](*) (g, e] 11 ([', f] 11 x 4 = 44 
(h, i', g'](*) (h, i', g'] 19 (d', d] 19 x 4 = 76 
(g, h, i'](**) (g, h, i'] 36 36 x 2 = 72 
(h, i, g'](**) (g', c, e] 21 21 x 10 = 210 
(g, i, i'](**) (g, i, i'] 35 35 x 4 = 140 
(g, h, i, f]  (g, e, f] 21 21 x 2 = 42 
(h, i', g', d] (h, i', g', d] 37 37 x 2 = 74 
(f'] (g] 6 6x  2= 12 
(d'] (d'] 20 20x  2= 40 
2.556 
Table 8 
x a b c d e f  
a(x)  a b d c f e 
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¢*  
¢< 
~0 ~ 
id I *  
0* 
Fig. 5. 
Table 9 
x ~ IO(X)l Y=24\c4(X) Number of fixed points 
0 1 (0'] l x  2= 2 
(0] (0] 2 (.f', e', a', e'] 2 x 2 = 4 
(c] (c] 3 (f', e', d'] 3 x 8 = 24 
(c, d] (c, d] 5 (f', e', g'] 5 x 12 = 60 
(c, d, e] (c, d, e] 9 (f', i', h', g'] 9 x 8 = 72 
(c,d,e,f] (c,d,e,f] 17 (g,h,i,i',h',g'] 17x 2= 34 
(g] (g] 6 (f',e'] 6x  4= 24 
(h] (c, e] 5 (f', dq 5 × 8 = 40 
(g,e] (g,e] 11 (f',i',h'] 11× 8= 88 
(h, d] (c, d, e] 9 (f', i', g'] 9 x 16 = 144 
(g, e, f ]  (g, e, f ]  21 (g, h, i, i', hq 21 x 4 = 84 
(h, d, f] (c, d, e, f] 17 (g, hl i, i', gq 17 x 8 = 136 
(g, h](*) (g, e] 11 (/', i'] 11 x 16 = 176 
(h, i](*) (c, d, e] 9 (f', g'] 9 x 8 = 72 
(g, g'](**) (c, d, e, (] 17 (h, i, i', h'] 17 x 6 = 102 
(g, h, [] (g, e , / ]  21 (g, h, i, i'] 21 x 16 = 336 
(h, i , / ]  (c, d, e, (] 17 (g, h, i, g'] 17 x 8 = 136 
(g, h, i](*) (g, e] 11 (f', f] 11 x 8 = 88 
(g, h, i'](**) (g, e, f ]  21 21x  8 = 168 
(g, h, g'](**) (c, d, e , / ]  17 17 x 8 = 136 
(g, h,/., f] (g, e , / ]  21 21 x 4 = 84 
(/'] (g] 6 6x  4= 24 
2.034 
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Case 2. ot is defined in Table 6. The elements x~ 1 such that xva(x)= 1 are e' 
and f'. Using the simplified notation x* for a(x) we get the diagram of a(24): see 
Fig. 4, and then Table 7. 
Case 3. a is defined in Table 8. There are 8 elements x~ 1 such that 
xvct(x) = l : f ' ,  e', d', c', h, i, i' and h'. Using again the simplified notation x* for 
a(x) we get the diagram of ~t(24): see Fig. 5. 
The computation goes then as in Table 9. 
Case 4. a is defined in Table 10. 
Table 10 
x a b c d e f  
a(x)  b a d c f e 
By Theorem 3.2, • is fixed point free. 
The complete results about FD(n) up to n =6 are summarised in Table 11. 
Table 11 
n 1234 5 6 
I(FD(n))I 1 2 4 12 81 2.646 
0 2 10 75 2.556 
0 25 2.034 
0 
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